We investigate which numbers are expressible as differences of two conjugate algebraic integers. Our first main result shows that a cubic, whose minimal polynomial over the field of rational numbers has the form x 3 +px + q, can be written in such a way if p is divisible by 9. We also prove that every root of an integer is a difference of two conjugate algebraic integers, and, more generally, so is every algebraic integer whose minimal polynomial is of the form f{x e ) with an integer e > 2.
INTRODUCTION
Let if be a number field, that is, a finite extension of the field of rational numbers Q, and let TLK be its ring of integers. (Recall that a € 1>K if and only if a e K and its minimal polynomial over <Q>, whose leading coefficient is equal to 1, has all other coefficients lying in the ring of integers Z.) Assume that 0 is an algebraic number of degree d over the field K with conjugates 0i -0,p 2 ,-• • ,Pd-QUESTION 1. Which numbers P can be written as a difference a -a' of two conjugates over K of an algebraic integer?
Recall that a is an algebraic integer if its minimal polynomial over Q, whose leading coefficient is equal to 1, has all other coefficients lying in the ring Z. Then its minimal polynomial over K, whose leading coefficient is 1, has all other coefficients in the ring TLK • Clearly, such /3 itself must be an algebraic integer. Furthermore, 0 must be expressible as a difference of two conjugates over K of an algebraic number.
The set of numbers which are differences of two conjugates over K was studied by the author and Smyth in [3] . It was shown that 0 -a -a' with some a and a' conjugate over K if and only if there is an automorphism a in the Ga- Theorem 90 in its additive form. See, for example, [4] or [5, Chapter VIII, Section 6] .) This implies that 0 can only be expressible as above if its trace over K, namely, the sum of all its conjugates over K is 0. Of course, the answer to Question 1 depends on K. For example, \/2 is not expressible as a difference of two conjugates over Q(\/2) of an algebraic number. However it is a difference of two conjugates over Q of an algebraic integer, say, a = (-\/6 + \/2)/2 and a ' = ( N / 6 -\/2)/2. QUESTION 2. Is every algebraic integer which is expressible as a difference of two conjugates over K of an algebraic number also expressible as a difference of two conjugates over K of an algebraic integer?
The positive answer to Question 2 would immediately imply the following answer to Question 1: those 0 which are algebraic integers and which are differences of two conjugates over K of an algebraic number (the latter ones were described above).
RESULTS
For 0 of degree at most 3, the condition on its trace is not only necessary, but also sufficient (see [3] ). It follows that every 0 of trace zero over K and of degree at most 3 over K is & difference of two conjugates over K. For d = 1, only 0 = 0 is of trace zero, and it is a difference of two zeroes. We begin with the following simple result.
OBSERVATION . Given a number Reid K, suppose that 0 is an algebraic integer and -0 is its conjugate over K, Then 0 can be written as a difference of two conjugates over K of an algebraic integer.
2 -m is of degree 2d over K. Then a is an algebraic integer, since so is 0. If, for instance, K -Q and 0 -\/2, then, choosing m = -1, we have the above example with a = (\/6 + -\/2)/2 being the root of the irreducible over Q polynomial x 4 -4x 2 + 1. Can the real cubic root of 2 be expressed in a similar way?
Before we answer this question, consider the simplest case of cubics which are expressible as-differences of conjugate algebraic integers. Let 0 be a cubic algebraic [3] Differences of conjugates 441
integer over a number field K of trace 0 with minimal polynomial x 3 + px + q over K.
Here, p,q 6 %K < a n d so does the discriminant of (3,
Set 7 = 7i = P\ -f3 3 . It has at least two other conjugates over K, 72 = /?2 -ft and 73 = p 3 -p 2 , since the Galois group of K(Pi,p 2 <P3)/K contains the 3-cycle (123). Clearly, every such /3 of trace 0 is expressible as a -a' with algebraic integers a = Ti/3 and a' -72/3 conjugate over K provided that 7/3 g "LK-The minimal polynomial for 7/3 over K is either , where such an argument could not be used, and thus an algebraic proof was given.
P R O O F O F T H E O R E M 2
If e is even, then the theorem follows immediately, by our observation. Assume that e is divisible by an odd prime P. Let £ be the primitive P t h root of unity. We [5] Differences of conjugates 443 shall show first that there is a a <E G = G{K{0±,.. ., (3 d )/K) such that a(0) = 0e and Indeed, take an arbitrary o\ 6 G which maps 0 to its conjugate 0e. Assume that <Ti(e) = e e , where 1 < (. ^ P -1. Let j be the smallest positive integer such that # = l ( m o d P ) . Then a{ maps 0 to /fe^" 1 " 1^"1 and e to e. It follows that we can take a to be a power of a\, if ( ^ P -1. The alternative case, f = P -1, can only happen for P > 3. Consider an automorphism 02 € G which maps (5 to its other conjugate 0e is conjugate to a over K and a -a' -(7 -< T ( 7 ) ) / P = 0, using 7 / P = 0/(1 -e). Also, a is a root of the polynomial
It remains to prove that a is an algebraic integer. Clearly, so are 0 and m G Z. Since every binomial coefficient is divisible by P , it suffices to show that P/(l -e) 1 is an algebraic integer for every j -1,..., P -1. This will be the case if P/(l -e) ĩ s an algebraic integer, because so is 1 -e and its natural powers. The product of the conjugates of P/(l {\-e) P~l /P isai of the polynomial conjugates of P / ( l -e) l over Q is equal 1, thus, equivalently, it suffices to show that (1 -e) ~ /P is an algebraic integer. This is exactly the case, because the coefficients
are all divisible by P (check this for j even and odd)! Since h(e)/P -(1 -e) ~1/P, and e itself is an algebraic integer, the proof is completed.
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700020487 444 A. Dubickas [6] 5. SIMILAR QUESTIONS It is somewhat surprising that both questions are very easy to answer if we replace the word "difference" by one of the words "sum" or "product". In fact, every algebraic number (3 is a sum of two distinct conjugates a and a' over K. (Just take them both as roots of an irreducible over K(0) polynomial x 2 -fix + m with nonzero m 6 Z.) Similarly, by taking a and a' as roots of some irreducible over K(f3) polynomial x 2 + mx + (3, where m € TL, we see that every nonzero algebraic number 0 is a product of two distinct conjugates a and a' over K, whereas zero is only expressible as the product of two zeroes (see also [1, Section 3] ). In both cases, we can positively answer to the second question, because the numbers a and a' are algebraic integers provided that so is p.
With the word "difference" being replaced by the word "quotient", it was shown in [3] that a nonzero {3 is equal to a / a ' with some a and a' conjugate over K if and only if there is an automorphism a in the Galois group of K(fii,... ,PJ)/K of order n such 
THEOREM 3 . Given a number field K, a unit /3 is expressible as a quotient of two conjugates over K ofa unit if and only if there is an automorphism a in the Galois

^'
Moreover, 5 = aui is a unit, because so are a and w. we can simply choose a = 7/ra and a' = (j(a) in order that a -a' = /3. Clearly, a already is an algebraic integer if so is 7 / n . If a is not an algebraic integer, we can still obtain one from it by adding another algebraic number 5 so that a + 6 is an algebraic integer and N a n Ng = K. (Given a field K and an algebraic number a, by N Q we denote the normal extension of K(a) over K.) This would immediately imply the positive answer to Question 2. Indeed, setting G\ and G2 for the Galois groups of N a /K and Ns/K, respectively, we have that the Galois group of N a Ns/K is d x G 2 (see [5, Chapter VIII, Section 1]). In case if K = Q and a = y/T/2, we took available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700020487
